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Abstract
A classic theorem in the theory of connections on principal fiber
bundles states that the evaluation of all holonomy functions gives
enough information to characterize the bundle structure (among those
sharing the same structure group and base manifold) and the connec-
tion up to a bundle equivalence map. This result and other impor-
tant properties of holonomy functions has encouraged their use as the
primary ingredient for the construction of families of quantum gauge
theories. However, in these applications often the set of holonomy
functions used is a discrete proper subset of the set of holonomy func-
tions needed for the characterization theorem to hold. We show that
the evaluation of a discrete set of holonomy functions does not charac-
terize the bundle and does not constrain the connection modulo gauge
appropriately.
We exhibit a discrete set of functions of the connection and prove
that in the abelian case their evaluation characterizes the bundle struc-
ture (up to equivalence), and constrains the connection modulo gauge
up to “local details” ignored when working at a given scale. The main
ingredient is the Lie algebra valued curvature function FS(A) defined
below. It covers the holonomy function in the sense that
expFS(A) = Hol(l = ∂S,A).
1 Motivation
We present a reconstruction theorem (Theorem 4) which characterizes a
bundle, modulo bundle equivalence, among the principal fiber bundles with
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the same base space and structure group G = U(1) using as data the evalua-
tion of a discrete collection of functions of the connection. Once the bundle
has been identified, the data constrain the connection modulo gauge: we
show that any connection inducing a given data set can be deformed to a
corresponding (singular) connection by means of a local deformation pro-
cess; see Theorems 5 and 6. Our results for non abelian structure groups
are not yet as sharp, and they are technically more involved; we will present
them in a future publication. In order to focus attention to the main issues
we restrict several parts of our presentation to base manifolds M = Sd; the
essential ingredient of our construction is of local character, and the extra
elements needed to include general base manifolds are well-known.
The results stated above are the main results presented in the article,
but we start posing the problem of whether characterization results similar
to those described above, can be reached using as data the evaluation of a
set of holonomy functions corresponding to a discrete collection of loops in
the manifold. We verify that it is not possible to reconstruct the bundle
or to approximately localize the connection modulo gauge. In the remain-
ing of this section we present the motivation in quantum field theory that
brought these geometric problems to our attention. The reader who is only
interested in the mathematical results, and the reader for whom the physical
motivation is obvious can skip the rest of this section.
The bias of our study was the formulation of effective gauge theories.
The starting point of an effective theory is an algebra of functions that cap-
tures the partial knowledge available about the system at a given measuring
scale. The evaluation of the functions of that algebra is associated with a
configuration (or history) of the effective gauge theory of that scale. Since
much of the system of interest is ignored by the effective description, effec-
tive theories are based on functions of a coarse graining character. They are
supposed to measure certain average properties of the field of interest. A
particular type of coarse graining function is one that only depends on the
field at certain locations and ignores the rest; these functions are called dec-
imation functions. A clear example of decimation function in gauge theories
is a Wilson loop, which uses the holonomy of the connection along a loop
as its main ingredient.
We study the question of whether a discrete collection of holonomy func-
tions is an appropriate collection to be the cornerstone of an effective theory.
We will argue that it is not well-suited for that purpose because there are
configurations of the system which are macroscopically different but share
holonomy data.
The following simple example captures one of the key ideas behind the
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structures introduced in this paper. Consider a family of connection 1-
forms in two dimensional euclidean space Aλ = λx∧dy and their respective
“magnetic” fields Bλ = dAλ. If we know that the holonomy around one
given loop is trivial, we cannot say if the measured field is weak or arbitrarily
strong. However, if we measure the magnetic flux through a surface that
has the loop as its boundary, we can certainly give more information about
the strength of the field. In the example situation the holonomy of Aλ
determines λ only up to an ambiguity labeled by an integer number, whereas,
the magnetic flux determines λ completely.
Above we exhibited an example illustrating the importance of functions
of the connection measuring the integral of its curvature on surfaces. We will
consider families of functions of the connection which include such curvature
functions to gather “local information about the connection”, and we will
prove that these families enjoy basic properties that make them good can-
didates for measuring the connection at a given scale. The concrete results
are the reconstruction theorem and the approximate localization theorems
referred to in the first paragraph of this introductory section.
Curvature evaluations may be of interest to develop effective theories
because usually the dynamics of a gauge theory is given by an expression
which involves the curvature. The knowledge of functions that measure
curvature directly may be advantageous as compared to using holonomy
evaluations which are only able to give approximate information about the
curvature in the weak field regime.
With the aim of paving the road to constructing effective theories whose
configuration space (or space of histories) is the one associated to a discrete
family of curvature evaluations, we present a regularization procedure. Each
effective configuration can be realized as coming from the evaluation on a
unique connection among a certain family of flat connections with “conical
singularities”. This construction induces a regularization of functions.
The question of how the mentioned approximation improves as the effec-
tive theory is capable of measuring more details of the field is also addressed.
This paper deals with entirely classical features motivated by a quan-
tization goal. In a separate publication we present a proposal of quantum
configuration space (or quantum space of histories) for an effective theory
at a given scale together with a family of kinematical measures. At each
scale we have a space which captures information about the connection gath-
ered at this scale, and the physical measure at this scale can be constructed
using the kinematical measure and a weighting factor. In that paper also
a continuum limit is constructed where the expectation values of curvature
evaluations enjoy of certain independence from the auxiliary structures used
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to define the sequence of effective theories at given scales. The construction
is compatible with an implementation of Wilson’s renormalization group
and is related to the loop quantization of gauge theories.
2 Holonomy functions in context
2.1 Geometric and topological properties
In theories where the dynamical object is a connection modulo gauge, holonomies
along based loops can be used as the basic ingredient of a very interesting
family of functions. In this subsection we briefly recall their properties.
Let (E, π,M) be a principal fiber bundle and Aπ be the space of con-
nections on it. We choose an arbitrary base point ⋆ ∈M , and consider the
space of piecewise smooth oriented ⋆-based loops modulo reparametrization.
We recall that a piecewise smooth curve α : [a, b] → M is one that can be
cut into finitely many pieces αi : [ai, bi] → M such that each piece is the
restriction of a smooth curve α′i : (ai − ǫ, bi + ǫ)→M . This condition guar-
antees regularity; in particular, for this type of curve parallel transport is
well-defined. One can compose such loops. If we compose one such loop with
the loop with opposite orientation we get a thin loop; if we declare such loops
to be null (equivalent to the constant ⋆-based loop) we get a group L(⋆,M).
The equivalence relation just introduced is often referred to as retracing
equivalence1. Once we have identified G with π−1(⋆), which can be done
by choosing an element of the fiber b ∈ π−1(⋆) to correspond to id ∈ G,
the holonomy of a given connection A ∈ Aπ around a loop l ∈ L(⋆,M)
is a group element Hol(l, A) ∈ G. Moreover, if we fix the connection the
holonomy map gives us a group homomorphism
HolA ≡ Hol(·, A) : L(⋆,M)→ G.
Gauge transformations act on holonomies in a very simple way because only
the evaluation of the gauge transformation on the fiber over the base point
plays a role, and the action is by conjugation. Holonomy functions can be
defined as acting on A/G⋆,π, the space of connections modulo the group of
gauge transformations whose restriction to the fiber π−1(⋆) is the identity. In
1 For convenience we will write some times l ∈ L(⋆,M) and some other times l ∈ [l] ∈
L(⋆,M). In the first expression we omitted the brackets but we still refer to the equivalence
class; only if the context requires a sharper notation we will include the brackets. Also
according to the context l will denote a curve modulo reparametrization, or a curve, or
the image of the curve. For example we will write l ⊂ L ⊂ M meaning that the class [l]
has a representative whose image is contained in the subset L of M .
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addition, character functions of G can be used to construct gauge invariant
functions of the connection which then become functions on A/Gπ.
Another important property of holonomy functions is that they capture
information about the curvature of the connection which often plays a cen-
tral role in the dynamical aspects of a gauge theory. The projected curvature
of a connection at a point p ∈M can be calculated as a limit of functions of
holonomies. We can construct a one parameter family of “curved parallel-
ograms” based at p and consider the convergence of certain function of the
holonomy in the limit in which the parallelogram becomes infinitesimal (see
Section 3).
The strongest result [1] summarizing the geometrical and topological
properties of holonomy evaluations is stated below as a reconstruction the-
orem which tells us that the family of holonomy evaluations {Hol(l, A)} for
a fixed connection and all the loops in L(⋆,M) contains all the informa-
tion about the connection modulo gauge, and even the bundle structure is
encoded in it.
Theorem 1 (Barrett, Kobayashi) Let M be a connected manifold with
a base point ⋆ ∈ M , and let H : L(⋆,M) → G be a group homomor-
phism which is smooth2. Then, there is a differentiable principal fiber bun-
dle (E, π,M,G), a point b ∈ π−1(⋆), and a connection A ∈ Aπ such that
H = HolA. The bundle and the connection are unique up to a bundle equiv-
alence transformation.
2.2 In an effective theory
If we fix a loop, the holonomy Hol(l, ·) is a function of the connection which is
sensitive to the connection only in a very restricted region; thus, holonomies
are very natural decimation observables. The strategy of using a discrete
collection of holonomy functions as the basic observables of a quantum gauge
theory is the basis of lattice gauge theory and loop quantization. As the
collection becomes larger (the lattice or graph that hosts the collection of
loops becomes finer) the holonomy observables are able to capture more
degrees of freedom. It may seem natural within these approaches to use one
of these sets of observables, a discrete set of holonomy functions determined
by a lattice, to construct an effective theory which models the system at a
given scale much coarser than the lattice. However, even if the lattice is
2 The definition of smoothness is axiom H3 in Barrett’s article, stating that any smooth
finite dimensional family of loops leads to a smooth curve in G after composition with H.
See [1] for a detailed explanation.
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very fine, it would induce a discrete collection of holonomy functions and
the reconstruction theorem of the previous subsection may not apply.
Let L ⊂ M denote an embedded lattice (or embedded graph). L could
be defined as a regular lattice according to a flat metric on M , or it could
be generated by iterated baricentric subdivisions of a given triangulation, or
it could be generated by a random process. Let the base point be a vertex
of the lattice, ⋆ ∈ L ⊂M , and let
L(⋆, L) ⊂ L(⋆,M)
be the subgroup generated by (classes of) loops (with representatives) whose
images are contained in L. The holonomy evaluations of a given connection
modulo gauge A ∈ A/Gπ on the loops of L(⋆, L) form a discrete set with
partial information about the connection on π. In fact this set of holon-
omy evaluations could be characterized by the evaluation on a finite set of
generators of L(⋆, L). Now we will study the evaluation of holonomy func-
tions of loops in L(⋆, L) for all possible smooth connections. We define the
L-holonomy evaluation map
HL : A/G⋆,π → A/G
Hol
⋆,L ≡ hom(L(⋆, L), G)
by HL(A) = {Hol(l, A)}l∈L(⋆,L). In our notation A/G
Hol
⋆,L ≡ hom(L(⋆, L), G)
denotes the group of homomorphisms from L(⋆, L) to G, and we call it the
space of L-holonomy evaluations. We do not call it space of L-connections
because it leads one to assume that it is a good space to host an effective
theory of connections at scale L.
Clearly, for every [A]L ∈ A/G
Hol
⋆,L the subset H
−1
L ([A]L) ⊂ A/G⋆,π is
uncountable. Thus, [A]L ∈ A/G
Hol
⋆,L captures partial information about the
connection modulo gauge; it identifies many distinct configurations whose
differences will be treated as being “microscopical in relation to the scale
L.” Below we will be concerned with the question of whether this partial
information and the identifications that it induces are appropriate to build
an effective theory of a physical system observed at a given scale.
What we mean by an effective theory is one whose purpose is to describe
the system at a given scale. It should model the behavior of the system as far
as the measurements available at scale L are concerned. In this subsection
we analyze the case study in which holonomies along the loops of L(⋆, L)
are the available functions. The motivation of the work presented in this
article is to find a kinematical framework which can host an effective theory
at a given scale.
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Perhaps the first issue to study is whether two connections modulo gauge
[A], [A′] ∈ H−1L ([A]L) ⊂ A/G⋆,π must be relatively close to each other or not.
It is simpler to study first the same problem at the non gauge invariant level.
For this purpose we will use the notation HL : Aπ → A/G
Hol
⋆,L . In the abelian
case we can state the following simple result.
Theorem 2 Consider a bundle (E, π,M) with structure group G = U(1).
Since Aπ is an affine space two different connections in it define a line. The
intersection of the line defined by A,A′ ∈ H−1L ([A]L) ⊂ Aπ and H
−1
L ([A]L) ⊂
Aπ is a non compact set which contains the lattice of points of the form
An = A+ n(A
′ −A) ∈ H−1L ([A]L) ⊂ Aπ (for any n ∈ Z).
It is important to notice that there are gauge invariant functions like the cur-
vature at given base points which are not bounded when evaluated in this set
of connections. Thus, connections modulo gauge cannot be (approximately)
localized via L-holonomy evaluations.
In the previous section we saw that holonomy evaluations could be used
to localize the connection modulo gauge and also to reconstruct the bun-
dle (E, π,M) up to bundle equivalence. After we realize that approximate
localization fails for L-holonomy evaluations, it is natural to study if also
the topological information about the bundle is lost when we restrict to a
discrete collection of holonomy evaluations. Below we show that the bundle
structure is not captured by a discrete collection of holonomy evaluations.
Theorem 3 Given any lattice L ⊂ S2 consider the space A/GHol⋆,L of L-
holonomy evaluations of connections in the space A/G⋆,π on a U(1) principal
fiber bundle (E, π, S2). The configuration corresponding to trivial holonomy
evaluations for all the loops in L(⋆, L) belongs to A/GHol⋆,L for every bundle
π.
Since there are inequivalent U(1) principal bundles over S2 we can con-
clude that a discrete set of holonomy evaluations does not characterize the
bundle structure.
Proof. The embedded one dimensional lattice L ⊂ S2 defines a collection of
two dimensional oriented closed surfaces σk ⊂ S
2 whose boundary is a loop
in L(⋆, L) and such that S2 = ∪σk; we will call them plaquettes. Notice that
if there was a smooth connection A ∈ Aπ such that
∫
σk
dA is an integral
multiple of 2π then we would have Hol(∂σk, A) = id. We will demonstrate
that any given connection A0 ∈ Aπ can be smoothly deformed to satisfy
the curvature condition mentioned above. Before we start, notice that we
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can order the plaquettes in a sequence in such a way that σk and σk+1 are
neighboring plaquettes for every k. Now we construct the deformation in
steps. First, it is easy to see that there is a smooth deformation of the
connection which is the identity in the restriction of the connection over
S2− (σ1∪σ2) and such that the new connection A1 ∈ Aπ satisfies
∫
σ1
dA1 is
an integral multiple of 2π. The second step does the analogous deformation
with support over σ2 ∪ σ3 fixing the integral of the curvature in σ2 without
destroying the job we did over σ1. The last plaquette automatically satisfies
our integral curvature requirement. ✷
In summary, measuring holonomies does not make us aware of the strength
of the field. For example, in the case of the magnetic field, if we measure
the holonomy of the vector potential along a loop and we obtain id ∈ U(1),
we cannot say that the magnetic field is close to zero, or even that some
regional average of it is dominated by a given bound. Additionally, the
bundle structure is not captured by holonomy evaluation data. If we use
holonomies as decimation observables from the continuum, the information
that we gather will not tell us the strength of the field and will also fail to
characterize the bundle structure up to equivalence. Similarly, if we have a
collection of effective gauge theories constructed from a collection of lattices
which are ordered by refinement, we cannot decimate from a finer lattice to
a coarser one just by evaluating the holonomies on the coarser loops. Doing
so would result in identifying configurations of the finer lattice which the
coarser theory should distinguish.
2.3 In loop quantization
The space of generalized connections modulo gauge A/G⋆,M is defined as a
projective limit of spaces A/GH⋆,γ [2] (with respect to the coarse graining map
given by the pullback of the inclusion map of embedded graphs γ1 ⊂ γ2 ⇒
A/GH⋆,γ2 → A/G
H
⋆,γ1
). According to the results of the previous subsection the
spaces A/GH⋆,γ are not sensitive to the bundle structure and cannot localize
the connection modulo gauge up to “microscopic details” in any reasonable
sense. After the information from all embedded graphs is organized by the
projective limit, the issue becomes subtle. An important property is that
A/G⋆,π can be mapped into A/G⋆,M injectively and its image is a dense
subset. This is true for every bundle (E, π,M).
Thus, some generalized connections [A¯] ∈ A/G⋆,M contain the informa-
tion about the bundle (E, π,M), but if the base manifold admits inequivalent
bundles there are other generalized connections [A¯′] ∈ A/G⋆,M (a dense sub-
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set of them) in the same space with the information about the inequivalent
bundle structure (E′, π′,M).
The issue of the localization of the connection modulo gauge once the
bundle has been identified is not present in A/G⋆,M because a connection
modulo gauge is completely determined by the evaluation of its holonomy
functions as stated by the reconstruction theorem (Theorem 1). However,
we have to keep in mind that the information contained in a single A/GH⋆,γ
has the deficiencies studied in the previous subsection.
3 Curvature
We saw in the previous section that measuring holonomies does not make us
aware of the strength of the field. In this section we recall of another function
which is related to the holonomy and does measure the field strength. In the
magnetic example of the first section given a surface S bounded by a loop
l = ∂S we know that exp i
∫
S
B = Hol(l = ∂S,A). The simple observation
is that while Hol(l = ∂S,A) does not measure the strength of the field, the
magnetic flux does.
Definition 1 Consider a U(1) principal fiber bundle (E, π,M) and a piece-
wise smooth compact surface with boundary on the base space S ⊂M .
The integral of the curvature (F = dA) defines a function FS : A/G⋆,π → R
which we call the curvature in S,
FS(A) =
∫
S
F.
In the non abelian case there is a generalization of this integral. Given a
connection on a principal bundle [A] ∈ A/G⋆,π and a contractible surface
with boundary S ⊂ M such that ⋆ ∈ ∂S we may define FS([A]) ∈ Lie(G)
when the exponential map exp : Lie(G) → G is an onto map. We can lift
curves from G to Lie(G) unambiguously once we specify a starting point
in Lie(G). Thus we construct a homotopy S(t) from ⋆ to the surface S,
and Hol(∂S(t), A) defines a curve in G. The lift of this curve that starts at
the origin defines FS(A) ∈ Lie(G) as its final point. The exponential map
is not a covering map in general; there is a nonempty subset of G which
is the image of points where the differential of exp is not one to one. We
need to restrict the choice of homotopies S(t) to ensure that the resulting
curves in G have the same lift. These restrictions are related to the way in
which we capture the information about the topology of the bundle. In a
future publication we will present a study of FS in the general case. Here
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we specialize in the abelian case because this simplification lets us give a
more complete presentation, and because up to now our results are sharper
in the abelian case.
By construction the function FS is no more than certain cover of the
holonomy function, expFS(A) = Hol(l = ∂S,A). The only information
not present in the holonomy is an integer. Due to Stokes theorem if a
loop l bounds two compact surfaces with boundary S, S′ and there is a
three dimensional region with boundary such that ∂R = S ∪ (−S′), then
FS(A) = FS′(A). If the base manifold admits pairs of surfaces with the
same boundary which are not related by being complementary parts of the
boundary of a region, the evaluation of the curvature function FS may also
give us information about the homology type of S.
If the fundamental group of the base manifold is not trivial many loops
are not the boundary of a contractible surface, and the information about
their holonomies is not contained in any curvature evaluation.
The curvature of the connection plays a central role in most classical
gauge theories. If we know the curvature functions FS we can write the
curvature at a point directly in terms of them. Let Sǫ(v,w) be a “curved
parallelogram” with one corner at p ∈ M and whose image in its defining
chart is the parallelogram determined by ǫv, ǫw ∈ TpM . Then
Fp(v,w) = lim
ǫ→0
1
ǫ2
FSǫ(v,w) .
4 Discrete collections of functions of connections
Now we turn to our main objective: to study the properties of discrete col-
lections of functions of connections which include curvature functions. Our
specific goal is to determine whether some of these collections could be used
as decimation observables to form the basis of an effective theory. We saw
in section 2.1 that the evaluation of the family of “all holonomy functions”
gave enough information to determine the bundle structure and the connec-
tion modulo gauge. Similarly, if we evaluate “all curvature functions” and
the holonomy functions corresponding to a discrete set of non contractible
loops, we would be able to determine the bundle structure and the connec-
tion modulo gauge. Now our interest is in a situation where the available
information regarding the gauge field system is not a complete one; instead,
it is decimated by taking a sample: the sample being the evaluation of the
functions in a discrete subfamily.
In order to simplify the statement of our results in this section we assume
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that M = Sd. This topological simplification does not lead to an essentially
weaker result because the main issue is of local character.
First we will prove a reconstruction theorem stating that the bundle
structure can be recovered from the data generated by evaluation of a dis-
crete family of curvature functions. Once the bundle has been identified, we
will proceed to study how our data constrain the connection modulo gauge.
We will show that the connection modulo gauge is determined up to mi-
croscopic details in the sense that the data determine a unique “standard”
connection which can be constructed by a local deformation process of the
smooth connection which originated the given data.
We introduced an embedded one dimensional lattice L ⊂ Sd; now we
assume that along with the collection of links, L also includes a collection of
embedded surfaces which could be thought of as lattice plaquettes {σk}L.
The set of surfaces that can be made with unions of these plaquettes will
be denoted by S(L). The set of conjugacy classes of the group of L-loops
L(⋆, L) ⊂ L(⋆, Sd) is generated by the classes of loops of the form {lk =
∂σk}, where a path joining the boundary of each plaquette with the base
point ⋆ ∈ L is assumed. For the purposes of abelian gauge theories, we can
pretend that the group L(⋆, L) itself is generated by {lk = ∂σk}.
Given a connection A ∈ Aπ the collection of evaluations of the curvature
functions assigned to the L-plaquettes will be stored in the space ΩL,π and
denoted by ωL ∈ ΩL,π.
ωL = {FS(A)}S∈S(L) ∈ ΩL,π.
By definition ΩL,π ⊂ R
S(L) is the image of the L-curvature evaluation map
from Aπ to R
S(L) defined by the set of curvature functions of surfaces in
S(L). Since in the abelian case and inside a local trivialization the curvature
functions are simple integrals, it is natural to see S(L) as the group of 2-
chains that fit in L. Thus, S(L) is given the structure of an abelian group
and the L-curvature evaluation map provides a group homomorphism from
S(L) to R for each connection A ∈ Aπ, ΩL,π ⊂ hom(S(L),R). Also, since
the curvature form is exact, the curvature function of a boundary vanishes,
F∂R = 0; it would be sharper to consider ΩL,π as homomorphisms from the
group homology classes of 2-chains in L to R. In addition, there may be
obstructions due to the bundle structure that further restrict the possible
evaluations of curvature functions for connections on A ∈ Aπ. For example,
given a surface without boundary FS(A) depends only on the homology class
[S] and the bundle π, and it is independent of the particular connection
A ∈ Aπ.
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Within the characterization ΩL,π ⊂ R
S(L) as the image of the set of
curvature functions it is important to notice that Aπ is an affine space and
the set of L-curvature functions acts as an affine map, which means that
ΩL,π ⊂ R
S(L) is also an affine space. A more intrinsic characterization of
ΩL,π would be desirable.
The notion of independence of a set of curvature functions will have two
connotations. The first is when we assume the bundle π as known, as we
did just above. The second comes from considering the connection data as
responsible for identifying the bundle. Then our data set is generated by
the evaluation of curvature functions acting on connections of some bundle
over M with U(1) structure group,
ωˇL = {FS(A)}S∈S(L) ∈ ΩˇL = ∪πΩL,π ⊂ R
S(L).
The subtle difference between ΩˇL and ΩL,π arises because even if the holon-
omy of a loop Hol∂σk(A) is constrained by the knowledge of the holonomy
evaluation of other loops, its logarithm Fσk(A) contains information which
depends on the bundle structure. This extra data are free in ΩˇL, and is
constrained in ΩL,π to be compatible with π. We will refer to either ΩL,π or
ΩˇL as the space of L-curvature evaluations.
We remark that the elements of spaces of curvature evaluations ΩL,π, ΩˇL
are determined by the evaluations on the set of lattice plaquettes, {σk}L,
which is a finite set. The elements of both sets ΩL,π and ΩˇL contain finite
information.
The relation between the spaces ΩˇL and A/G
Hol
⋆,L is simple. The expo-
nential map R→ U(1) induces an onto map exp : ΩˇL → A/G
Hol
⋆,L ; according
to this map the curvature and holonomy evaluations are related by
Hol∂σk(A) = exp (Fσk (A)).
4.1 Reconstruction
In this subsection we will study bundles with base M = Sd and G = U(1).
We will prove that given any configuration at scale L, ωˇL ∈ ΩˇL, we can
reconstruct the bundle (E, π,M) up to bundle equivalence.
We recall that all the principal bundles over a disc are trivial. Our
base manifold M = Sd can be covered by two charts with the topology of
the disc; in fact, we can set Sd = DN ∪ DS considering the Northern and
Southern Hemispheres as closed discs whose intersection is only the equator,
DN ∩ DS = Eq ≈ Sd−1. Thus, the bundle structure is all encoded in the
transition functions TNS : Sd−1 → G, which should be thought of as the
12
restriction of smooth transition functions defined in a neighborhood of Eq
to Eq. A well-known result states that two bundles (E, π,M), (E′, π′,M)
are equivalent if their corresponding transition functions TNS and T ′NS are
homotopic (for details see for example [4]).
In the abelian case the homotopy type of the transition functions TNS :
Sd−1 → U(1) can only be non trivial in the case d = 2 where the type
is determined by a winding number. Thus, from now on we focus on the
case of a S2 base space; all U(1) bundles over Sd for d 6= 2 are equivalent.
Our reconstruction result rests in the fact that the curvature evaluations
ωˇL ∈ ΩˇL determine the mentioned winding number.
The local trivializations, the embedded lattice, and some other auxil-
iary structures satisfy the properties listed below. The existence of a local
trivialization with these properties is clear. For details see for example [4].
• The hemispheres are decomposed as the union of plaquettes DN =
∪kσk,N and D
S = ∪kσk,S. The North Pole and the South Pole are
vertices of the embedded lattice.
• We have chosen a path γSN from the North Pole to the South Pole;
this path crosses the equatorial line at x0. The path γSN and the point
x0 are part of the embedded lattice.
• For each point in the Equator, x ∈ E there is a chosen path γx,N from
the North Pole to it; there is also an analogous path γx,S. Among these
paths only γx0,N and γx0,S need to belong to the embedded lattice. The
one parameter family of curves γ−1x,S ◦γx,N is a foliation of S
2−{N,S}.
• The construction of the trivializations over the hemispheres is such
that the parallel transport along all the subpaths of γx,N are assigned
the identity in the structure group, and a similar condition for the
south also holds.
• After the local trivialization over DN is chosen, the trivialization in
the south is chosen so that TNS(x0) = id.
Due to the above conditions
TNS(x) = Hol(γ−1SN ◦ γ
−1
x,S ◦ γx,N , A).
At scale L we do not have complete knowledge about the transition function
TNS , but we do know its homotopy type. Here is the argument:
For each x ∈ Eq the path γ−1SN ◦γ
−1
x,S ◦γx,N is the boundary of a surface, and
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its holonomy is the exponential of a curvature function. Thus, if we move
the point x around the equator towards the east the holonomy will trace a
curve in U(1) whose lift is a curve in the Lie algebra. We know that this
curve starts in 0 ∈ R and ends at FS2(A) =
∑
k Fσk,N (A) +
∑
k Fσk,S (A).
This information determines the homotopy type of the curve TNS in U(1)
and is contained in the data ωˇL ∈ ΩˇL.
Notice that if we have a given embedded lattice we can always choose
an equatorial circle, a North Pole, a South and a curve γSN which fit in the
lattice.
We have proved the following reconstruction theorem.
Theorem 4 Let (E, π, Sd) be a smooth principal U(1)-fiber bundle with a
smooth connection A on it. On the base space Sd we have an auxiliary
embedded lattice L consisting of a collection of vertices edges and plaquettes
as defined above. Among the U(1)-fiber bundles with base space Sd, the
bundle (E, π, Sd) is characterized (up to bundle equivalence) by the data
ωˇL = {FS(A)}S∈S(L) ∈ ΩˇL.
After proving that ωˇL ∈ ΩˇL is enough to characterize the bundle struc-
ture the natural question is the following: Once the bundle (E, π, Sd) has
been identified, how is that the knowledge of the data ωL = {FS(A)}S∈S(L) ∈
ΩL,π constrain the connection?
We have two arguments motivated by this question. Here is the first
one: Our partial knowledge can be interpreted as consisting of a collection
of local averages of the connection; thus, it would be desirable to have a
result stating that two connections which have the same local averages can
be related by means of a local deformation which washes away their micro-
scopical differences while preserving the given macroscopical averages. In
the following section (Corollary 1) we prove that the data ωL ∈ ΩL,π de-
termine a unique (singular) connection of a certain “standard type”, and
that any smooth connection modulo gauge [A] ∈ A/G⋆,π producing the data
ωL(A) = ωL can be taken to the standard connection determined by ωL by
means of local deformations (Theorem 6).
Our second argument is stated in the theorem below. Recall that in the
abelian case ΩL,π is an affine space, and that the L-curvature evaluation
map
ωL : Aπ → ΩL,π,
defined by ωL(A) = ωL = {FS(A)}S∈S(L) ∈ ΩL,π, is an affine map. Then
the following result is immediate.
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Theorem 5 Let (E, π, Sd) be a smooth principal U(1)-fiber bundle, and Aπ
be the space of connections on it. Given any convex neighborhood B ⊂ ΩL,π
ω−1L (B) ⊂ Aπ is convex .
To appreciate the value of this property of L-curvature evaluations is enough
to see that it is not present when only holonomies are used to gather infor-
mation about the connection; compare with the statement in Theorem 2.
5 Regularization
We have seen that the L-curvature evaluation map
A/G⋆,π → ΩˇL
is many to one. The reason is double; one possible reason is that there
may be global information that cannot be captured by curvature functions.
This happens in base manifolds that have non contractible loops where the
holonomy along these loops cannot be captured by the curvature function
of a surface. In order to avoid this possibility, we will momentarily restrict
to M = Sd. The second reason that makes the above map many to one is
that local differences on a pair of connections may not be noticeable given
the resolution of the discrete set of L-curvature functions.
In this section we will be concerned with defining “regularity conditions”
that can be assumed with the intention of finding a restricted set of configu-
rations within the space of configurations of the continuum such that one and
only one configuration corresponds to the evaluation map of the L-curvature
functions. Then we will be able to consider the space of evaluations of the
L-curvature functions ΩˇL as the space of configurations (or histories) of an
effective theory and regularize some functions of smooth connections by the
pull back of the map ΩˇL → “Smooth connections” defined by our “regular-
ity conditions”. A detailed treatment will be given below. We will use a set
of regularity conditions that we called C-flat in an earlier work [3]; it needs
that the lattice L be of a certain type. The structure needed will be that of
a cellular decomposition of the manifold and the regularity conditions state
that the connection be flat when restricted to the interior of each of the
cells, allowing (distributional) curvature only on the d−2 skeleton (which is
formed by the union of the closed d− 2 dimensional cells). There are other
regularization frameworks, for example one can use a triangulation and a
regularity condition stating that the curvature be homogeneous inside the
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d dimensional simplices according to the euclidean metric that comes with
them.
In order to simplify our presentation the cellular decompositions that we
will use are simplicial decompositions (triangulations). To maintain clar-
ity in the following definition we will summarize our notation for simplicial
decompositions of a smooth manifoldM , as well as for the operation of bari-
centric subdivision, for the notion of the n-skeleton of a simplicial complex
and for the simplicial representation of a curve and that of a surface. For a
detailed account of the subject see for example [5, 6].
Definition 2 A simplicial decomposition (|∆|, φ) of a smooth manifold
M is composed by a simplicial manifold |∆| and a compatible homeomor-
phism φ : |∆| → M . The compatibility condition asks that the embedded
simplices be smooth and it will be described below. In the literature this
structure is called a smooth triangulation or a Whitehead triangulation. It
is known that every smooth manifold admits smooth triangulations and that
any two such triangulations are equivalent in the sense that the simplicial
manifolds |∆|, |∆′| are related by a piecewise linear map [6].
We can see (|∆|, φ) as a collection of simplices of dimensions from zero
to d embedded in M , which cover M in such a way that two embedded sim-
plices can either be disjoint or intersect in another embedded simplex of the
collection.
The simplicial manifold |∆| carries an euclidean structure in each of its
simplices; the compatibility condition states that the restriction of φ to each
of the simplices be a diffeomorphism to its image in M (the restriction of
a diffeomorphism of an open neighborhood of the simplex as a subset of the
euclidean space where |∆| is contained on to a neighborhood of the image of
the simplex in M).
The baricentric subdivision Sd|∆| of |∆| is a simplicial manifold that
is identified with |∆|, but which carries a finer triangulation. It has one ver-
tex for each simplex of |∆| which is located at the baricenter of the simplex
according to its euclidean structure. A subset of n such vertices defines a
n− 1 dimensional simplex of Sd|∆| if the corresponding subset of simplices
of |∆| can be ordered by inclusion; in this case, it defines a geometric sim-
plex contained in the higher dimensional simplex of the set. The baricentric
subdivision can be used to define a simplicial decomposition which will be
called (Sd|∆|, φ).
The subset of n dimensional simplices of |∆| will be denoted by |∆|n.
The n skeleton of |∆| is |∆|(n) = ∪nm=0|∆|
m; if we need to refer to the
embedded simplicial complex we will write φ(|∆|(n)). We will write (|∆|n, φ)
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or (|∆|(n), φ) when we refer to either subset of embedded simplices of (|∆|, φ).
The simplicial representation of a piecewise smooth curve c ⊂ M
(if it exists) is the only simplicial curve c1 ⊂ φ(Sd|∆|
(1)) whose intersection
type with (|∆|, φ) is of the same type as that of c. A simplicial representation
would not exist if the intersection type of c and (|∆|, φ) cannot be matched
by that of a simplicial curve due to its required finiteness. The simplicial
representation can be constructed as follows: First divide c into connected
components cτ whose interior intersects the interior of only one simplex τ ∈
(|∆|, φ). The segment can intersect many simplices, but Int(cτ ) ∩ Int(τ
′) 6=
∅ ⇒ τ = τ ′. The simplicial representative of cτ is the simplicial curve
cτ,1 ⊂ φ(Sd|∆|
(1)) whose vertices are {σ ∈ (|∆|, φ) such that cτ ∩ Int(σ) 6=
∅}, where we consider that the interior of a simplex is the simplex minus its
boundary, and our definition needs that the interior of a zero dimensional
simplex (a vertex) be considered as the vertex itself. The curve c1 does not
carry a parametrization; it is (the image by φ of) a simplicial curve: a
collection of neighboring links and vertices. If c has an orientation it is
clear that c1 inherits it.
Similarly, the simplicial representation of a piecewise smooth surface
S ⊂ M (if it exists) is the only simplicial surface S1 ⊂ φ(Sd|∆|
(2)) whose
intersection type with (|∆|, φ) is of the same type as that of S, and it can
be constructed using the location of its vertices as done above. Also, an
orientation in S would induce one in S1.
From now on we will work with curves and surfaces that have simplicial
representations. In particular, we require that the elements of L(⋆,M) are
classes of loops with at least one representative that has a simplicial rep-
resentation. For this reason we will restrict our treatment to the subgroup
of piecewise linear loops L(⋆,M)PL ⊂ L(⋆,M) where the PL structure in
M is the one induced by the triangulation (|∆|, φ). Also surfaces will be
required to be PL. We will denote the set of oriented closed PL surfaces
by S(M)PL ⊂ S(M). We recall that a PL curve (surface) in M is a piece-
wise smooth curve (surface) whose intersection with each of the simplices
of (|∆|, φ) is either empty, or it is a piecewise affine curve (surface) accord-
ing to the euclidean structure inherited from the simplex in |∆|. Thus,
[l] ∈ L(⋆,M) is considered to be PL, [l] ∈ L(⋆,M)PL, if it has a representa-
tive l ∈ [l] that is a piecewise linear curve.
Our embedded one dimensional lattice L which defines the group L(⋆, L)
is taken to be L = φ(Sd|∆|(1)). We had asked that the base point be inside
the lattice ⋆ ∈ L ⊂M . For reasons that we will give in the next section, we
need that the base point be the baricenter of one of the maximal dimension
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simplices of (|∆|, φ), ⋆ ∈ φ(|∆|d ⊂ Sd|∆|0). The discrete family of curvature
evaluations that we consider at scale L is the one induced by the family of
surfaces whose image fits in φ(Sd|∆|(2)). The set of such surfaces will be
denoted by S(L) ⊂ S(M)PL. The evaluation of such curvature functions is
determined by the evaluation of the curvature in the set of “plaquettes”, the
embedded two simplices of (Sd|∆|2, φ).
The (classes of) loops in L(⋆,M)PL will be divided into equivalence
classes according to the way in which they intersect the simplices of (|∆|, φ).
Definition 3 Given a loop in a class l ∈ [l] ∈ L(⋆,M)PL consider the
class of its simplicial representation [l1] ∈ L(⋆, L). It is easy to see that
[l1] ∈ L(⋆, L) is independent of the choice of representative l ∈ [l]. Thus, we
will write [l]1 instead of [l1], and we have an assignment
L(⋆,M)PL → L(⋆, L)
which divides L(⋆,M)PL into equivalence classes. Similarly, for surfaces we
have
S(M)PL → S(L)
which divides S(M)PL into equivalence classes.
Now we will define ∆-flat connections. A connection induces a holonomy
map from L(⋆,M)PL to G and a curvature map from S(M)PL to Lie(G).
In the case of a ∆-flat connection the evaluation of holonomy and curvature
maps depends only on the equivalence class of the loop or surface. This re-
quirement implies that nontrivial ∆-flat connections are not smooth (or even
continuous) as π connections. We will relax the smoothness and continuity
requirements allowing curvature singularities, while retaining the property
that each ∆-flat connection captures the topology of π. A ∆-flat connection
can be thought as a distribution constructed as a limit of a sequence of π
connections.
Definition 4 • A∞πτ is the space of smooth connections in the bundle
πτ = π|τ∈(|∆|,φ) (restrictions to πτ of connections which are smooth in
an open neighborhood of the subbundle πτ of π).
• ×¯τ∈(|∆|,φ)A
∞
πτ
is the subset of the cartesian product defined by the com-
patibility condition σ ⊂ τ ⇒ Aσ = Aτ |σ. We will write
A∆-∞π = ×¯τ∈(|∆|,φ)A
∞
πτ
.
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• A ∆-smooth bundle map is a homeomorphism of the total space f˜ :
E → E which sends fibers to fibers, and such that for each simplex
τ ∈ (|∆|, φ) the set π−1(τ) is preserved, and f˜ |π−1(τ) is a diffeomor-
phism. It induces a homeomorphism f : M → M in the base space
which preserves each simplex and whose restriction to each simplex is a
diffeomorphism. Clearly a ∆-smooth bundle map acts on connections
by pull back and sends A∆-∞π to itself.
• G∆-∞⋆,π is the group of ∆-smooth bundle equivalence maps which consists
of ∆-smooth bundle maps which induce the identity map on the base
space M . We will write A/G∆-∞⋆,π = A
∆-∞
π /G
∆-∞
⋆,π .
Holonomy and curvature functions determined by loops and surfaces in
L(⋆,M)PL and S(M)PL respectively are defined in A/G
∆-∞
⋆,π . ∆-flat con-
nections modulo gauge will be characterized by the value that holonomy
and curvature functions have when evaluated on them. Since we will relax
continuity, the knowledge of all the holonomy evaluations will not deter-
mine uniquely the evaluation of the curvature functions. The set of values
that holonomy and curvature functions can obtain when evaluated on a ∆-
flat connection will be restricted by the bundle π; this is how each ∆-flat
connection stores the information about the bundle structure.
Definition 5 A ∆-flat connection modulo gauge
[A∆] ∈ A/G
∆-flat
⋆,π
is characterized by the set of its holonomy and curvature evaluations for
every loop l ∈ L(⋆,M)PL and for every surface S ∈ S(M)PL. These evalu-
ations must satisfy the following requirements:
1. There is a sequence [An] ∈ A/G
∆-∞
⋆,π such that
Holl(A∆) = lim
n→∞
Holl(An) , FS(A∆) = lim
n→∞
FS(An).
2.
FS(A∆) = FS1(A∆)
where S1 denotes the simplicial representation of the surface S (see
definition 2).
We remark that the set of evaluations of holonomy and curvature functions
on ∆-flat connections inherits the property expFS(A∆) = Hol∂S(A∆), and
that a direct consequence of the definition is Holl(A∆) = Holl1(A∆) for every
loop l ∈ L(⋆,M)PL.
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Theorem 6 To every smooth connection modulo gauge [A0] ∈ A/G⋆,π there
corresponds a unique ∆-flat connection modulo gauge [A∆] ∈ A/G
∆-flat
⋆,π such
that for every l ∈ L(⋆, L) and every S ∈ S(L)
Holl(A∆) = Holl(A0) and FS(A∆) = FS(A0).
This ∆-flat connection can be constructed as a local deformation of [A0] ∈
A/G⋆,π in the sense that there is a sequence of ∆-smooth bundle maps (see
definition 4) which produce a sequence of connections which converge to
[A∆] ∈ A/G
∆-flat
⋆,π .
The proof will be given at the end of this section.
Corollary 1 In the case M = Sd a point in the space of curvature evalua-
tions
ωˇ ∈ ΩˇL
determines a unique ∆-flat connection modulo gauge [A∆](ωˇ) ∈ A/G
∆-flat
⋆,π(ωˇ) .
Proof.
By definition of the space ΩˇL, for every ωˇ ∈ ΩˇL there is a bundle π over S
d
and [A0] ∈ A/G⋆,π such that all the L-curvature evaluations of [A0] agree
with the data in ωˇ. The characterization theorem (Theorem 4) tell us that
the data in ωˇ characterize π(ωˇ) up to bundle equivalence. Thus, even when
there can be many connections compatible with the data ωˇ, all of them
essentially live in the same bundle.
The previous theorem implies that there is a unique ∆-flat connection
[A∆] which shares the data generated by L-holonomy evaluations and L-
curvature evaluations with [A0] ∈ A/G⋆,π. For the purposes of abelian
gauge theories, in the case M = Sd, {lk = ∂σk}k∈N can be treated as a set
of generators of L(⋆, L). Thus, L-curvature evaluations determine all the L-
holonomy evaluations. Then, the ∆-flat connection [A∆] is determined by
the L-curvature evaluations (the data in ωˇ) alone. Since any other choice of
smooth connection [A′0] ∈ A/G⋆,π(ωˇ) would necessarily share the data of L-
curvature evaluations (and then L-holonomy evaluations), the constructed
∆-flat connection [A∆] is uniquely determined by ωˇ. ✷
Now we return to our goal of regularizing functions of smooth connec-
tions. In order to give more elements towards the delicate issue of regu-
larization we present two complementary perspectives. First, it is natu-
ral to regularize functions using the sequences that define ∆-flat connec-
tions. If M = Sd and we assume the bundle as given, there is a map
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ΩL,π → A/G
∆-flat
⋆,π . Thus, given a function H : A/G
∆-∞
⋆,π → R we may define
Hreg(ω) = lim
n→∞
H(An)
where the sequence [An] ∈ A/G
∆-∞
⋆,π defines the ∆-flat connection modulo
gauge [A∆](ω) (see definition 5). For the regularization to exist the limit
should exist and be independent of the defining sequence.
The second regularization strategy is to find a space of smooth connec-
tions in which we can inject the space of ∆-flat connections and define the
regularized functions by pull back. The bundle (E, π,M) can be pulled
back to M − φ(|∆|(d−2)); we call this bundle π−. Consider G⋆,π−(π) ⊂ G⋆,π−
consisting of of bundle equivalence maps of π− which can be extended to π
resulting in bundle maps which are smooth everywhere except possibly on
π−1(φ(|∆|(d−2))) where they are continuous. By construction
(A/G⋆,π)|π− ⊂ Aπ−/G⋆,π−(π).
Given a surface S ∈ S(M)PL such that ∂S∩φ(|∆|
(d−2)) = ∅, define FS(A) =∫
∂S
A.3 We know that even when Holl=∂S is G⋆,π− invariant; FS(A) is not.
The origin of this phenomenon is the presence of gauge transformations
whose restriction to the connected components of ∂S induce non contractible
curves in U(1). These gauge transformations do not belong to G⋆,π−(π); it is
easy to verify that FS(A) is a well-defined function in Aπ−/G⋆,π−(π). For the
same reasons, we can write (A/G∆-∞⋆,π )|π− ⊂ A
∆-∞
π−
/G∆-∞
⋆,π−(π), where A
∆-∞
π−
=
×¯τ∈(|∆|,φ)A
∞
π
τ−
, and πτ− is the pullback of π to τ
− = τ − φ(|∆|(d−2)) ⊂M .
Similarly, for surfaces S ∈ S(M)PL such that ∂S ∩ φ(|∆|
(d−2)) = ∅, the
functions FS are defined in A
∆-∞
π−
/G∆-∞
⋆,π−(π).
Definition 6 A/G∆-∞⋆,π−(π) is the subset of A
∆-∞
π−
/G∆-∞
⋆,π−(π) which contains
(A/G∆-∞⋆,π )|π− and also the connections modulo gauge [A] ∈ A
∆-∞
π−
/G∆-∞
⋆,π−(π)
such that there is a sequence [An] ∈ (A/G
∆-∞
⋆,π )|π− satisfying
lim
n→∞
Holl(An) = Holl(A) , lim
n→∞
FS(An) = FS(A)
for each l ∈ L(⋆,M − φ(|∆|(d−2)))PL, and each S ∈ S(M)PL with ∂S ∩
φ(|∆|(d−2)) = ∅.
The topology in A/G∆-∞⋆,π−(π) is induced from A
∆-∞
π−
/G∆-∞
⋆,π−(π).
3 If needed we consider
∫
∂S
=
∫
l1
+ . . . +
∫
lm
with each li contained in a trivializing
open set.
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From the definition of ∆-flat connections it is clear that
(A/G∆-flat⋆,π )|π− ⊂ A/G
∆-∞
⋆,π−(π).
Regularization of functions from the continuum is given by the pull back of
the restriction map whenever the functions have a well-defined extension (by
continuity in A/G∆-∞⋆,π−(π)) to act on connections with conical singularities.
A significant family of examples is the regularization of curvature and
holonomy functions for surfaces and loops which do not necessarily fit in
S(L) ⊂ S(M)PL or L(⋆, L) ⊂ L(⋆,M)PL respectively.
Corollary 2 Given any S ∈ S(M)PL the function F
reg
S : ΩˇL → R is well-
defined. If ω = ω(A) ∈ ΩL,π(ωˇ) ⊂ ΩˇL, for a smooth connection modulo gauge
[A] ∈ A/G⋆,π(ωˇ) then
F regS (ω(A)) = FS1(A).
The regularized curvature function of a surface S ∪ S′ ∈ S(M)PL, where
S ∩ S′ is contained in the boundary of each of the surfaces S, S′, satisfies
F regS∪S′ = F
reg
S + F
reg
S′ .
Since the base space considered is M = Sd, we can regularize holon-
omy functions to act on the space of curvature evaluations. Given any
l ∈ L(⋆,M)PL, and any surface S ∈ S(M)PL which has l as boundary,
the function Holregl
.
= exp (F regS ) : ΩˇL → R is well-defined. If ω = ω(A) ∈
ΩL,π(ωˇ) ⊂ ΩˇL, for a smooth connection modulo gauge [A] ∈ A/G⋆,π(ωˇ) then
Holregl (ω(A)) = Holl1(A).
Proof. The part on the existence and evaluation of the regularized curvature
and holonomy functions is a direct consequence of the two previous theorems.
The properties of such evaluations follow from properties of the simplicial
representation of surfaces and curves
• Given two surfaces such that S ∩ S′ ⊂ ∂S ∩ ∂S′ we can consider
S ∩ S′ ∈ S(M)PL; its simplicial representation satisfies
(S ∩ S′)1 = S1 ∩ S
′
1.
• Given any S ∈ S(M)PL we have
(∂S)1 = ∂S1.
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These properties are equalities among subsets of φ(Sd|∆|(2)) and φ(Sd|∆|(1))
which can be verified directly from the definition of simplicial representative.
✷
Other examples of functions that can be regularized are functions which
can be written in terms of the curvature functions that we just studied.
Among those examples is a regularization of the Euler character in the case
of a two dimensional compact base manifold
e(A) =
∑
σ˜∈((Sd|∆˜|)2,φ˜)
∫
σ˜
dA 7→ ereg(ωˇ) =
∑
σ˜
F regσ˜ (ωˇ),
where ((Sd|∆˜|), φ˜) is any triangulation of M with piecewise linear simplices
according to the PL structure that we are using. The function e : A/G⋆,π →
R turns out to depend only on the bundle and not in the specific connection
over it. It is regularized to act on ΩˇL as a sum of non trivial functions, but
our previous results imply that ereg(ωˇ(A)) = e(A) which depends on π(ωˇ)
and not on the specific smooth connection on it. If the base space has higher
dimension than two, for any embedded surface we can define eregS (ωˇ), and
obtain similar results.
Two dimensional gravity could be an interesting example within reach.
We would have to extend the framework to include a frame field and define
dynamics as a regularization of the first order Einstein action a la Palatini,
which may lead us to the first order Regge action [7] in two dimensions.
Another route would be to construct general relativity as a constrained
SO(2)-BF theory. A first treatment in these cases may be simple since the
B field is integrated out leading to the restriction F = 0 which is naturally
implemented in terms of the curvature functions defined in this paper. We
would need to compare with the work presented in [8].
Our regularization procedure is also available for non abelian connec-
tions; C-flat connections were introduced in [3] without a restriction asking
the group to be abelian. The refinements of the notion of C-flat connections
contained in this paper are naturally extended to non abelian cases; they
rest on the notion of curvature function sketched in section 3.
Another physically important abelian system is the electromagnetic field.
In this case the action cannot be extended by continuity to the class of
singular connections that we use here.4
We conclude this section with the proof of Theorem 6.
4 It can be regularized assuming that the field strength is homogeneous inside the
d-simplices of (Sd|∆|, φ). The resulting action is the one given by Sorkin [9] for the
triangulation (Sd|∆|, φ).
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Proof of Theorem 6.
We have a smooth connection modulo gauge [A0] ∈ A/G⋆,π which gives us
the data of its holonomy and curvature evaluations for every l ∈ L(⋆, L) and
every S ∈ S(L). The ∆-flatness condition let us extend the data to define
data for the evaluation of holonomy and curvature functions for every loop
and surface in L(⋆,M)PL and S(M)PL respectively. Below we will show that
this data in fact determine a ∆-flat connection modulo gauge. According
to definition 5 we only need to prove that the resulting data induce an
accumulation point of connections in (A/G∆-∞⋆,π )|π− in the sense of definition
5. The ∆-flatness condition is satisfied by construction.
To prove the desired convergence we will construct a one parameter
family of connections modulo gauge
[A′t] = f
∗
t [A0] ∈ (A/G
∆-∞
⋆,π )|π−
using a one parameter family ft : M → M of ∆-smooth homeomorphisms
5
with t ∈ [0,∞) with the property that for every l ∈ L(⋆,M)PL and every
S ∈ S(M)PL
lim
t→∞
ft(l) = l1 and lim
t→∞
ft(S) = S1;
where we recall that l1 is our notation for the simplicial representative of
l, and the analogous notation is used for surfaces (see definition 2). The
convergence of loops stated above is in the sense required for the convergence
of their associated holonomy functions; any piecewise linear loop is deformed
by means of a family of piecewise linear loops whose “corners” converge to
the “corners” of l1 [1]. This will imply that for every l ∈ L(⋆,M)PL
lim
t→∞
Holl(A
′
t) = lim
t→∞
Holft(l)(A0) = Holl1(A0) = Holl1(A∆),
and similarly for every S ∈ S(M)PL
lim
t→∞
FS(A
′
t) = lim
t→∞
Fft(S)(A0) = FS1(A0) = FS1(A∆).
According to the notion of convergence stated above, this will exhibit the
connection [A]∆ defined by the extended data of holonomy and curvature
evaluation, as [A]∆ ∈ A/G
∆-flat
⋆,π .
The rest of the proof deals with the existence of one parameter family
of the ∆-smooth homeomorphisms ft :M →M with t ∈ [0,∞) whose limit
5 A homeomorphism f : M → M is considered ∆-smooth if it preserves the simplicial
decomposition (|∆|, φ) and for every τ ∈ (|∆|, φ) the function f |Int(τ) : Int(τ )→ f(Int(τ ))
is a diffeomorphism.
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action in any loop or surface coincides with its simplicial representative as
stated above.
Before we describe the ∆-smooth homeomorphisms we recall some neces-
sary definitions; for a detailed exposition see for example [5]. |Sd∆| denotes
the geometric realization of the simplicial complex Sd∆; it is a simplicial
manifold realized as a subset of an euclidean space of large dimension. Since
the vertex set of Sd∆ is ∆; then |Sd∆| ⊂ R∆. By definition, the geometric
realization of each vertex (0 dimensional simplex) σ ∈ Sd∆ is |σ| = eσ ∈ R
∆;
in other words, all the components of the vertex |σ| ∈ |Sd∆| ⊂ R∆ are zero
except for the one corresponding to σ ∈ ∆ which is equal to one. Given an
abstract simplex τ ∈ Sd∆ its geometric realization |τ | ⊂ |Sd∆| ⊂ R∆ is the
geometric simplex determined by the geometric realization of its vertices.
Notice that |Sd∆| is contained in the subset of R∆ composed by vectors
with positive components, |Sd∆| ⊂ R+∆ ⊂ R∆.
Now we define the first ingredient of the construction of our ∆-smooth
homeomorphisms. We will denote the elements of R∆ as x =
∑
xσeσ ∈ R
∆.
Let P : R∆ → R∆ be defined by P (x) = x∑
σ∈∆ x
σ . Every point x ∈ |Sd∆| ⊂
R
∆ defines a ray though the origin; the map P sends the whole ray to
x ∈ |Sd∆|.
Now we will construct a one parameter family of maps h˜t : |Sd∆| →
|Sd∆|.
h˜t = P ◦ hˆt , where hˆt(
∑
xσeσ) =
∑
etdimσxσeσ.
It is important to notice that h˜t is a homeomorphism which preserves sim-
plices; in particular, the vertices are fixed points. In addition, for every
simplex of dimension bigger or equal to one the restriction of the map to
the interior of the simplex, h˜t : Int(|τ |)→ Int(|τ |), is a diffeomorphism.
The geometry of h˜t is rather simple. First notice that hˆt is linear, and
second recall the property of P sending rays through the origin to the point of
that ray that intersects the hyperplane that contains |Sd∆| ⊂ R∆. Then the
intersection of a linear subspace of R∆ with |Sd∆| is sent to the intersection
of another linear subspace with |Sd∆| . Thus, according to the euclidean
structure of a simplex h˜t sends affine hyperplanes to affine hyperplanes; in
particular, it sends straight lines to straight lines.
Now lets see what happens as the parameter t increases. Consider x ∈
Int(|τ |) ⊂ |Sd∆|, where σ′ ∈ ∆ is the higher dimensional simplex of the
vertices of |τ |. It is easy to see that
lim
t→∞
(h˜tx)
σ′ = 1,
25
while the other components tend to zero.
Then the image of a a piecewise linear curve c or surface S under ft =
φ ◦ h˜t ◦ φ
−1 : M → M is another piecewise linear curve or surface, and in
the limit as t→∞ they approach their simplicial representatives
lim
t→∞
ftc = c1 and lim
t→∞
ftS = S1. ✷
6 Family of increasingly finer scales
In section 4 we presented a family of functions of the connection constructed
using a simplicial decomposition (|∆|, φ) of the smooth manifoldM . In fact,
since we assumed M = Sd we could use a family consisting exclusively of
curvature functions. In order to focus attention we will maintain this as-
sumption. A scale is defined by the family of functions available to describe
the connection modulo gauge. Thus, the scale that we considered was de-
fined by the family of curvature functions of surfaces S ∈ S(L) that fit in
φ(Sd|∆|(2)) with (|∆|, φ) being a triangulation of Sd. The corresponding
space of curvature evaluations was called ΩˇL. In this section we will con-
sider a sequence of simplicial decompositions of Sd generated by refining the
original triangulation (Sdn|∆|, φ); see definition 2. The measuring scales will
be labeled by the integer n. At scale n the original triangulation is refined
by baricentric subdivision n times, and we consider the family of curvature
functions of surfaces that fit in φ(Sdn+1|∆|(2)). The family of surfaces will
be denoted by S(n) (with S(0) = S(L)). The plaquettes at scale n are
denoted by σ ∈ (Sdn+1|∆|2, φ), and the corresponding space of curvature
evaluations is called Ωˇn (or Ωn,π). There are other families of increasingly
finer scales; here we just present this one because its construction is simple.
The process of baricentric subdivision creates finer triangulations, which in
some sense become degenerate. If we rescale the simplices to have unit d vol-
ume their shape can look arbitrarily elongated as the scale gets finer. This
feature becomes inconvenient to prove convergence of regularized functions.
We will comment on this later in this section.
The reconstruction theorem 1 tells us that the family of holonomy func-
tions can separate points in the space of connections modulo gauge. Since
curvature functions cover holonomy functions when the base is Sd, the
theorem implies that given any two different connections modulo gauge
[A], [A′] ∈ A/G⋆,π there is a surface S ∈ S(M)PL such that FS(A) 6= FS(A
′).
We are interested in characterizing the connection modulo gauge using the
family of curvature functions corresponding to the family of surfaces ∪nS(n).
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The following properties of triangulations generated by successive baricen-
tric subdivision will let us reach a concrete statement in this regard:
(i) Given any open set U ⊂ Sd there is an integer n such that U∩φ(Sdn+1|∆|0)
contains a point p such that all the plaquettes σ ∈ (Sdn+1|∆|2, φ) touching
p are contained in U .
(ii) For any point p ∈ φ(Sdn+1|∆|0) the set of tangent vectors to the edges
in (Sdn+1|∆|1, φ) starting at p spans TpS
d.
Now, the smoothness of the connection together with properties (i) and (ii)
makes the the proof of the theorem below immediate.
Theorem 7 Given any two different connections modulo gauge [A], [A′] ∈
A/G⋆,π there is a sufficiently large integer n and a 2-simplex σ ∈ (Sd
n+1|∆|2, φ)
such that
Fσ(A) 6= Fσ(A
′).
It is also interesting to study the behavior of regularization as the scale
is refined. This will depend on the function that is being regularized. Below
we state the convergence result for curvature evaluations FS for surfaces
S ∈ S(M)PL that do not necessarily fit inside φ(Sd
n+1|∆|(2)) for any integer
n. In order to simplify notation the L-curvature evaluation at scale n that
corresponds to [A] ∈ A/G⋆,π will be denoted by ωˇn(A) ∈ Ωˇn.
Theorem 8 If dimM = 2, given any S ∈ S(M)PL and any [A] ∈ A/G⋆,π
lim
n→∞
= F reg,nS (ωˇn(A)) = FS(A).
Proof. Due to Corollary 2 F reg,nS : Ωˇn → R is well-defined and its value at
ωˇn(A) is FSn(A). Thus, our job is to prove the pointwise convergence of a
family of functions of smooth connections.
In the two dimensional case
FS(A)− FSn(A) = FDn(A),
where Dn = S − Sn ∈ S(M)PL as 2-chains. We will prove that the area
of Dn according to the euclidean metric of |∆| goes to zero as n goes to
infinity; this will imply that FSn converges to FS pointwise in the space of
smooth connections. Now we establish a bound for the area of Dn.
Area(φ−1Dn) ≤ Length(φ
−1∂S)Diameter(n),
where Diameter(n) is the maximum diameter of all the simplices in Sd|∆| ⊂
|∆|. Since
lim
n→∞
Diameter(n) = 0,
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we can conclude that in the two dimensional case the theorem holds. ✷
In higher dimensional cases the problem becomes much more subtle for
two reasons: The first reason is that the relative position of the triangulation
(|∆|, φ) and the surface is not as constrained as in the two dimensional case.
The second reason is merely due to our refinement process; the iteration of
baricentric subdivision creates simplicial complexes whose simplices are not
only smaller, but whose shapes differ more and more from being equilateral.
Then, it becomes difficult to establish convenient estimates for the area of
the simplices in Dn relative to their total number. We do not know if the
theorem stated above is valid for arbitrary dimension when our method of
refinement is baricentric subdivision. However, we know that there are other
methods of refinement for which the theorem holds. A description of this
result will be given in a future publication.
6.1 Coarse graining
If we evaluate all the available functions at a given measuring scale, we
should have enough information to deduce the value that observables at a
coarser scale would take. In the context of the families of curvature functions
that we have described the following statement is clear.
Theorem 9 Consider a surface S ∈ S(n) such that S = S1 ∪ S2 for two
surfaces S1, S2 ∈ S(n + 1) with non overlapping interiors. Then for any
[A] ∈ A/G⋆,π
FS(A) = FS1(A) + FS2(A).
Remark 1 There are pairs of connections modulo gauge [A], [A′] ∈ A/G⋆,π
and surfaces S, S1, S2 such that
• S = S1 ∪ S2 , S1 ∩ S2 ⊂ ∂S1, S1 ∩ S2 ⊂ ∂S2,
• FS(A) 6= FS(A
′),
• Hol∂S1(A) 6= Hol∂S1(A
′), Hol∂S2(A) 6= Hol∂S2(A
′),
• but Hol∂S(A) = Hol∂S(A
′).
Examples of such connections are easy to find. The ultimate reason is
that there are real numbers f1, f2; f
′
1, f
′
2 such that f1 + f2 6= f
′
1 + f
′
2 and
exp i(f1 + f2) = exp i(f
′
1 + f
′
2).
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7 Lifted parallel transport
Here we develop the same theme introduced previously in this paper, but
we work on Aπ, not on A/G⋆,π. We will use a given collection of local
trivializations and the corresponding transition functions. Inside Aπ the
basic type of function studied in this section is an extended notion parallel
transport along open paths defined with respect to a local trivialization.
Again the theme is that we have partial knowledge about the bundle
structure and the connection. Given each d-simplex τl ∈ (|∆|
d, φ), the
bundle π−1(τl) is trivial, but at the staring point we do not assume to know
a given trivialization of it completely. Our partial knowledge contains only
the trivialization over the discrete set of points vk ∈ (Sd|∆|
0, φ) ∩ τl
ϕl(vk, ·) : U(1)→ π
−1(vk).
For each vertex contained in two d simplices, vk ∈ τl ∩ τm, we know the
evaluation of the transition function T lm = ϕ−1m ◦ ϕl at vk.
The collection of paths considered is that of the edges of the baricentric
subdivision, ek ∈ (Sd|∆|
1, φ). The functions that measure the connection
are the lifted parallel transport functions or “logarithm of parallel transport
functions” along those edges
P˜ek,l(A) =
∫
ek
A,
where A in the right-hand side of the equation is the R valued 1-form cor-
responding to the connection in the trivialization of π−1(τl), where ek ⊂ τl.
Thus, the collection of lifted parallel transport evaluations
AˇL(A) = {P˜ek,l(A) ∈ Lie(U(1)) = R} ∈ Aˇ
ϕ
L
is part of our knowledge. Since its meaning is relative to our partial knowl-
edge of the local trivialization we include the symbol ϕ in the notation. To-
gether with the partial knowledge about the local trivializations described
above, they constitute the data available to us at the L “measuring scale.”
The integral that defines P˜ek,l(A) exists for every A ∈ Aπ because ek
is a smooth closed curve (which actually means that it is the restriction of
a smooth curve e′k ⊃ ek with an open domain). For non abelian groups
the definition of P˜ek,l(A) follows the same idea as the one described for the
curvature function in section 3; thus, we construct a curve in G by the
parallel transport along a curve according to the local trivialization, and we
lift the curve to Lie(G) using the origin as starting point.
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This notion of lifted parallel transport lets us recover ordinary parallel
transport by exponentiation. Let c ⊂ (Sd|∆|(1), φ) be an oriented curve.
To calculate the corresponding parallel transport map we write the curve
as a composition of edges, c = en ◦ . . . ◦ e1, and consider each edge inside
one local trivialization ei ⊂ τi. The formula for parallel transport Pc(A) :
π−1(c(0))→ π−1(c(1)) is
ϕn(en(1)) ◦ . . . ◦ exp (P˜e2,2(A)) ◦ T
12(e1(1)) ◦ exp (P˜e1,1(A)) ◦ ϕ
−1
1 (e1(0)).
Also the curvature evaluation of a surface with boundary can be calcu-
lated in terms of the data AˇL(A) ∈ Aˇ
ϕ
L. Let S ⊂ φ(Sd|∆|
(2)) be a sur-
face with boundary. We consider it as a 2 chain and write it as a sum
of elementary plaquettes σi ∈ (Sd|∆|
2, φ), S = σ1 + . . . + σn. There-
fore, FS(A) =
∑i=n
i=1 Fσi(A), where each of the Fσi(A) ∈ R is indepen-
dent of the local trivialization which can be used to calculate it. For an
elementary plaquette σi contained in the d simplex τl whose boundary is
∂σi = ei,1 + ei,2 + ei,3, the curvature evaluation is
Fσi(A) = P˜ei,1,l(A) + P˜ei,2,l(A) + P˜ei,3,l(A).
This formula provides a co-boundary map AˇϕL → ΩˇL.
In this non gauge invariant variant of the ideas presented in previous
sections, the primary functions measuring the connection are the lifted par-
allel transport functions {P˜ek,l}. They provide an array of geometrically
meaningful averages of the connection, where as the functions {Fσ} provide
an array of geometrically meaningful averages of the curvature. Moreover,
the integrated versions of connection and curvature are related in a natural
way.
Since all the information present in ωˇL(A) ∈ ΩˇL is contained in AˇL(A) ∈
AˇϕL, the results presented in the previous sections (Theorems 6 and 1) charac-
terizing the bundle structure and constraining the connection modulo gauge
from the data ωˇL(A), can also be derived from the data AˇL(A). Also the
results can be derived again following parallel arguments. We will not show
these results here; we will limit ourselves to state the characterization the-
orem.
Theorem 10 Let (E, π,M) be a smooth principal U(1)-fiber bundle with a
smooth connection denoted by A. Among the U(1)-fiber bundles with base
space Sd, the bundle structure is characterized (up to bundle equivalence) by
the following data defined with the aid of a triangulation (|∆|, φ) of the base
space:
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(i) The evaluation of the local trivialization on the discrete set of points
vk ∈ (Sd|∆|
0, φ)
ϕl(vk, ·) : U(1)→ π
−1(vk),
(ii) The evaluation of the lifted parallel transport along the edges ek ∈
(Sd|∆|1, φ)
AˇL(A) = {P˜ek,l(A) ∈ Lie(U(1)) = R} ∈ Aˇ
ϕ
L.
In addition, all the connections which induce data (i), (ii) can be transformed
into the same ∆-flat connection (modulo gauge) [A∆] ∈ A/G
∆-flat
⋆,π by means
of local deformations.
8 Concluding remarks
We started the paper reminding the reader of a classical differential geo-
metric result behind theories of connections on principal fiber bundles: The
evaluation of all holonomy functions gives enough information to charac-
terize the bundle structure (among those sharing the same structure group
and base manifold) and the connection up to a bundle equivalence map;
for a detailed explanation see subsection 2.1. We also recalled that there
are important approaches to the construction of non perturbative quantum
gauge field theories which use discrete sets of holonomy functions as their
cornerstone. In this respect, we pointed out that the reconstruction result
just described did not apply to these approaches because a discrete set of
holonomy functions does not characterize the bundle and does not constrain
the connection modulo gauge appropriately.
An obvious moral can be drawn from the above discussion: considering
discrete collections of holonomies as the basic functions that describe the
connection at a given macroscopic scale completely changes the nature of
the gauge field theory. The term compactified theory could be used to distin-
guish the resulting theory from the original which can distinguish between
strong and weak fields.
Our objective was to provide a setting to describe effective gauge theories
at a given scale. Thus, we studied the problem of finding an appropriate
complement to a discrete set of holonomy functions, providing a better arena
for effective gauge theories. We showed that in the case of abelian theories,
if one complements holonomy data in the way done by the evaluation of
their covering function, the curvature function, our partial knowledge of the
connection is qualitatively better suited to be the cornerstone for effective
abelian theories of connections. We exhibited a discrete set of curvature
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functions, and proved that in the abelian case their evaluation characterizes
the bundle structure (up to equivalence), and constrains the connection
modulo gauge up to “local details” ignored when working at a given scale;
see theorems 4, 5 and 6.
For non abelian theories the same issues exist. For example, SU(2)
bundles over four dimensional base spaces can also be non trivial. The non
triviality of the bundle, and the possibility of not charactering the connection
up to a local deformation by the evaluation of holonomy functions, shows up
in a very similar way to the situation studied in section 4. In this paper we
do not provide a complete framework to deal with this problem. However,
we could say that a discrete set of holonomy functions would need to be
complemented by information that keeps track of winding numbers of maps.
These winding numbers should characterize homotopy types of holonomy
evaluation maps in a way similar to the one shown in our proofs of theorems
4, 5 and 6.
Now we conclude with the implications of our results with regard to
lattice gauge theory, loop quantum gravity and spin foam models. Our study
directly concerns the possible interpretation of a discrete gauge theory on a
lattice as an effective theory at the scale given by the lattice itself. If the
dynamics of the system selects a scale above which large variations of the
holonomy function are suppressed and this scale is much smaller than the
lattice scale, one expects that the discrete model on the lattice also predicts
that the expectation value of holonomy functions be close to the identity and
their fluctuations be small. When this hypothesis holds, our results indicate
that one could use the lattice theory as the basis of an effective theory
provided that: (i) the bundle is treated as part of the background, (ii) a
set of macroscopic variables different from holonomy functions is identified.
This is needed in order to handle connections whose parallel transport along
long distances (measured in lattice spacing units) is not close to the identity,
which is essential if we want to have a notion of coarse graining that does
not identify weak and strong field configurations. If we follow this route,
the issue of whether the macroscopic behavior of the model is approximately
described by the classical theory that was quantized is still very far from
obvious. There are many numerical results in the lattice indicating that a
central player in this issue is, precisely, the measure of the set of monopole
configurations.
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